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Abstract
The (2+1)D QCD with the adjoint Higgs eld, or equivalently the Georgi-Glashow model with the
additional fundamental massless quarks, is explored at nite temperature. In the case of vanishing
Yukawa coupling, it is demonstrated that the interaction of a monopole and an antimonopole in the
molecule via quark zero modes leads to the decrease of the Berezinskii-Kosterlitz-Thouless critical
temperature when the number of quark flavours is equal to one. If the number of flavours is larger
than one, monopoles are shown to exist only in the molecular phase at any nite temperature
whatsoever. For such a regime of the model, this means that any fundamental matter cannot
be conned by means of the monopole mechanism. Furthermore, it is nally argued that due to
such a quark-mediated interaction, the very type of the phase transition in the case of one flavour
starts deviating from the Berezinskii-Kosterlitz-Thouless one.
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(2+1)D Georgi-Glashow model is known to be one of the eldest and the most famous examples
of theories allowing for an analytical description of connement [1]. However, the phase structure
of this model at nite temperature has been addressed only recently. Namely, rst in Ref. [2] it
has been shown that at the temperature Tc = g
2=(2) the weakly coupled monopole plasma in this
model undergoes the Berezinskii-Kosterlitz-Thouless (BKT) [3] phase transition into the molecular
phase. Then, in Ref. [4], it has been shown that approximately at the twice smaller temperature,
there occurs another phase transition associated with the deconnement of W-bosons.
In this letter, we shall be interested in the nite-temperature properties of the monopole en-
semble (rather than the ensemble of W-bosons) in the presence of fundamental dynamical quarks,
which are supposed to be massless. Thus, the model under study can actually be thought of as the
(2+1)D QCD with the additional adjoint Higgs eld. As it will be demonstrated, quark zero modes
in the monopole eld lead to the additional attraction between a monopole and an antimonopole
in the molecule at high temperatures. In particular, when the number of flavours (obviously equal
to the number of zero modes on a single monopole 1) is suciently large, the molecule shrinks so
that its size becomes of the order of the inverse W-boson mass. Another factor which governs the
size of molecules is the localization of zero modes. Namely, it can be shown that as stronger the
zero modes are localized, as smaller the molecules are. In this letter, we shall consider the case
when the Yukawa coupling vanishes, and originally massless quarks remain massless. This means
that zero modes are maximally delocalized. (Moreover, as it will be discussed, they should actually
be normalized as the states of the continuum spectrum.) Such a weakness of the quark-mediated
interaction of monopoles opens a possibility for molecules to become large enough and eventually
undergo a certain (not the usual BKT-type) phase transition into the plasma phase 2. However,
this will be shown to occur only provided that the number of flavours is equal to one, whereas
at any larger number of flavours, the respective critical temperature becomes equal to zero. This
means that the interaction mediated by such a number of zero modes is already strong enough to
maintain the molecular phase at any, whatever small, temperature.
Let us start our analysis with considering the Euclidean action of the (2+1)D Georgi-Glashow
model with the adjoint Higgs eld, extended by the fundamental, originally massless quarks. We
shall rst consider the general case with the nonvanishing Yukawa coupling, by means of which


























In this formula, F aµν = @µA
a
ν − @νAaµ + g"abcAbµAcν , Dµa  @µa + g"abcAbµc, Dµ (
@µ − ig τa2 Aaµ
)
 , and  =  y with the Euclidean Dirac matrices dened as ~γ = −i~, where
1More precisely, it is equal to the number of zero modes, which are normalizable in the sense of a discrete
spectrum when the Yukawa coupling is nonzero, and quarks acquire some mass by means of this coupling.
2It is worth noting that upon the dimensional reduction, the temperature appears in the numerator of the
action, rather than in its denominator, as it takes place in the XY-model description of the BKT phase transition.
Therefore, the situation is a mirror image of what our intuition tells us and can be fully understood if we look at the
temperature axis from the positive-infinity side, rather than from the side of the origin. Namely, in the XY-model
case, as larger the strength of the interaction in the molecule at low temperatures is, as higher temperature we
should reach in order that the molecules start dissociating. Contrary to that, in our case as larger the strength of














Next, in 3D, the electric coupling g, the Yukawa coupling h, the v.e.v. of the Higgs eld , and
the Higgs coupling  have the dimensionality [mass]1/2. The masses of the W- and Higgs bosons
are large compared to g2 in the standard perturbative (else called weak coupling) regime g  
and read: mW = g, mH = 
p
2. The inequality g   is necessary to ensure the spontaneous
symmetry breaking from SU(2) to U(1). Note also that for the sake of simplicity, we omit the
summation over the flavour indices, but consider the general case with the arbitrary number of
flavours.
One can further see that the Dirac equation in the eld of the third isotopic component of
the ’t Hooft-Polyakov monopole [5] decomposes into two equations for the components of the
SU(2)-doublet  . The masses of these components stemming from such equations are equal to
each other and read 3 mq = h=2. Next, the Dirac equation in the full monopole potential has
been shown [6] to possess the normalizable zero mode. Its asymptotic behaviour at r  j~xj  m−1q
has the following form:






n − s−ν s+n
)
; −ν n = 0: (2)





, next n = 1; 2 is










, and N is the normalization
constant.
The known fact that in (2+1)D, the ’t Hooft-Polyakov monopole is actually an instanton [7] 4
enables us to employ for the quark eective action in the eld of a monopole-antimonopole molecule
the respective formula for such an action in the eld of an instanton-antiinstanton molecule [8, 9].
Let us thus recapitulate the analysis of Refs. [8, 9] adapting it to our model. To this end, we








. Next, we dene the propagator SM in the eld of a monopole located at the
origin, ~Aa M [Aa Mi ! "aijxj= (gr2) at r  m−1W ], by the formula S−1M = S−10 −g~γ τ
a
2
~Aa M . Obviously,
the propagator SM¯ in the eld of an antimonopole located at a certain point ~R, ~A





, is dened by the equation for S−1M with the replacement ~A
a M ! ~Aa M¯ . Finally,
one can consider the molecule made out of these monopole and antimonopole and dene the total
propagator S in the eld of such a molecule, ~Aa = ~Aa M + ~Aa M¯ , by means of the equation for S−1M
with ~Aa M replaced by ~Aa.
One can further introduce the notation j ni, n = 0; 1; 2; : : :, for the eigenfunctions of the
operator −i~γ ~D dened at the eld of the molecule, namely −i~γ ~D j ni = n j ni, where 0  0.
This yields the following formal spectral representation for the total propagator S:
S (~x; ~y) =
1∑
n=0
j n(~x)i h n(~y)j
n − imq 3 :
3Clearly, in the case when quarks are supposed to have originally some mass m, mq becomes equal to√
(hη/2)2 + m2.
4The respective Dirac monopoles become particles in 4D and yield the minimum of the potential energy.
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Next, it is convenient (although, as it was shown in Ref. [9], not mandatory) to employ the
instanton-liquid{inspired approximation, according to which zero modes dominate in the quark
propagator, i.e.,
S (~x; ~y) ’ j 0(~x)i h 0(~y)j−imq 3 + S0 (~x; ~y) :
Note that the properties of the monopole plasma in the weak coupling regime are indeed similar
to those of the instanton liquid [10]. Namely, in this limit, the monopole sizes are considered to be
xed and equal to m−1W , while the distances between the nearest neighbours are much larger [all of
them have one and the same order of magnitude, −1/3, where  stands for the monopole fugacity
(see Ref. [11] for a detailed discussion)]. The same remains true for the molecular phase near the
phase transition (i.e. when the temperature approaches the critical one from above) we shall be
interested in. That is merely because in this regime, molecules become very much inflated being
about to dissociate.







= SM¯S−1SM , where
S  S0 − (SM − S0)S−10 (SM¯ − S0) = S0 −




∣∣∣ M¯0 〉 〈 M¯0 ∣∣∣
−imq 3 ;
and
∣∣∣ M0 〉, ∣∣∣ M¯0 〉 are the zero modes of the operator −i~γ ~D dened at the eld of a monopole and






∣∣∣ M0 〉, it is straightforward to
see by the denition of the zero mode that a =
〈
 M¯0
∣∣∣(−i~γ~@)∣∣∣ M0 〉 = 〈 M¯0
∣∣∣S−10 ∣∣∣ M0 〉. This yields
S = S0 + am2q




)2] detS0. Finally, dening the desired eective action as Γ  ln det S−1det S−10 , we obtain for it





constant in this formula, standing for the sum of eective actions dened at the monopole and
at the antimonopole, cancels out in the normalized expression for the mean squared separation in
the monopole-antimonopole molecule.
Now we set h equal to zero, and so mq is equal to zero as well. Notice rst of all that
although in this case the direct Yukawa interaction of the Higgs bosons with quarks is absent,
they keep interacting with each other via the gauge eld. Owing to this fact, the problem of
nding a quark zero mode in the monopole eld is still valid, although according to Eq. (2) this
mode will be non-normalizable in the sense of a discrete spectrum. However, in the gapless case
mq = 0 under discussion, the zero mode, which lies exactly on the border of the two contiguous
Dirac seas, should clearly be treated not as an isolated state of a discrete spectrum, but rather
as a state of a continuum spectrum 5. This means that it should be understood as follows:




, where p  j~pj. Once being considered in this way, zero modes are normalizable






The dependence of the absolute value of the matrix element a on the distance R be-
tween a monopole and an antimonopole can now be straightforwardly found. Indeed, we have
jaj / ∫ d3r= (r2 ∣∣∣~r − ~R∣∣∣) = −4 ln(R), where  stands for the IR cuto. Now we switch on the
5See Ref. [12] for a similar discussion of the zero mode of a massless left-handed neutrino on electroweak Z-strings.
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temperature T  −1, owing to which the monopole ensemble undergoes the dimensional reduc-
tion and becomes two-dimensional [see e.g. Refs. [2] for a detailed discussion of the dimensional
reduction in the (2+1)D Georgi-Glashow model]. As it was discussed in the beginning of the
letter, our aim is to nd the modication of the BKT critical temperature [2] Tc = g
2=(2) due
to the zero-mode mediated interaction. Therefore, we should be interested in the limit of large
molecular sizes, R , where R denotes the absolute value of the 2D vector ~R. As it was already
mentioned, this means that molecules are about to dissociate at the temperatures approaching Tc
from above. We should then take into account that in this limit, the usual Coulomb interaction 6
R−1  +1∑
n=−1
(R2 + (n)2)−1/2 goes over into −2T ln(R) (which is straightforward to prove),




 (R2 + (n)2)1/2
]
goes over into ln(R)+2TR. Let us prove the latter
statement. In this way, we have



























= ln(R) + 2TR:
Thus, the statistical weight of the quark-mediated interaction in the molecule at high temperatures
has the form e−2Nf ln jaj / [ln(R) + 2TR]−2Nf . Accounting also for the standard Coulomb









dRR3− 8piTg2 [ln(R) + 2TR]−2Nf
1∫
m−1W
dRR1− 8piTg2 [ln(R) + 2TR]−2Nf
: (3)
In this equation, we have put the lower limit of integration equal to the inverse mass of the






hL2i ! m−1W , which means that such a large number of zero modes shrinks the molecule to the
minimal admissible size.
At large R, ln(R) can be disregarded with respect to 2TR, and we see that hL2i is nite at
T > Tc =
g2
4pi
(2−Nf), which reproduces the standard result [2] at Nf = 0. For Nf = 1, the plasma
phase is still present at T < g
2
4pi
, whereas at Nf  2 the monopole ensemble may exist only in the
molecular phase at any temperature, whatsoever small. Note further that attempting to perform
the rigorous RG analysis for Nf = 1, one should, of course, keep ln(R) with respect to 2TR in
Eq. (3). This leads to the violation of the RG invariance in the sense that the phase transition will
not be of the BKT-type. In another language, this statement stems from the inability to write
down the kinetic term of the dual photon, corresponding to the interaction ln [2TR+ ln(R)]
[which was, of course, possible in the absence of ln(R)], i.e. this interaction is not a Green
function of any operator in 2D.
6Without the loss of generality, we consider the molecule with the temporal component of ~R equal to zero.
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In conclusion of this letter, we have shown that in the presence of massless dynamical quarks,
interacting with the Higgs boson only via the gauge eld, the temperature of the monopole phase
transition in the (2+1)D Georgi-Glashow model decreases for Nf = 1 and vanishes for Nf  2.
The latter eect means that this number of quark zero modes, which strengthen the attraction of a
monopole and an antimonopole in the molecule, becomes enough for the support of the molecular
phase at any, whatever small but nite, temperature. Therefore, for Nf  2, no fundamental
matter (including dynamical quarks themselves) can be conned at nonzero temperature by means
of the monopole mechanism 7. Besides that, it turns out that such a quark-mediated interaction in
the monopole molecules leads to some deviation in the type of the phase transition from the BKT-
one. Clearly, since the model explored is nothing but (2+1)D QCD extended by the additional
adjoint Higgs eld, the obtained results might have some consequences to the real QCD.
Unfortunately, at the nonvanishing quark masses, the matrix element a becomes uncalcula-
ble analytically. The respective numerical analysis of the phase transition for that case will be
presented in the future publications.
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